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We perform the most attractive channel (MAC) analysis in the top mode standard model with
TeV-scale extra dimensions, where the standard model gauge bosons and the third generation of
quarks and leptons are put in D(= 6, 8, 10, · · · ) dimensions. In such a model, bulk gauge couplings
rapidly grow in the ultraviolet region. In order to make the scenario viable, only the attractive
force of the top condensate should exceed the critical coupling, while other channels such as the
bottom and tau condensates should not. We then find that the top condensate can be the MAC
for D = 8, whereas the tau condensation is favored for D = 6. The analysis for D = 10 strongly
depends on the regularization scheme. We predict masses of the top (mt) and the Higgs (mH),
mt = 172− 175 GeV and mH = 176 − 188 GeV for D = 8, based on the renormalization group for
the top Yukawa and Higgs quartic couplings with the compositeness conditions at the scale where
the bulk top condenses. The Higgs boson in such a characteristic mass range will be immediately
discovered in H →WW (∗)/ZZ(∗) once the LHC starts.
PACS numbers: 11.15.Ex,11.10.Kk,11.25.Mj,12.60.Rc
I. INTRODUCTION
The origin of mass is a central mystery of the standard
model (SM). In particular, why are the masses of W,
Z, and the top quark exceptionally large compared with
those of other particles in the SM? The idea of the top
quark condensate [1, 2, 3] explains naturally the large top
mass of the order of the electroweak symmetry breaking
(EWSB) scale. In the explicit formulation of this idea [1,
4], often called the “top mode standard model” (TMSM),
the scalar bound state of t¯t plays the role of the Higgs
boson in the SM. (For reviews, see, e.g., Refs. [5, 6, 7].)
There are several problems in the original version of the
TMSM: We need to introduce ad hoc four-fermion inter-
actions of the top quark in order to trigger the EWSB.
The top mass mt, given as a decreasing function of the
composite scale Λ, is predicted about 10%–30% larger
than the experimental value, even if we take Λ to the
Planck or the GUT scale [1, 4, 8]. Such a huge Λ also
causes a serious fine-tuning problem.
As a possible solution to these problems, following
the line of an earlier attempt [9, 10] of the TMSM in
the TeV-scale extra dimension scenario [11, 12], Arkani-
Hamed, Cheng, Dobrescu and Hall (ACDH) [13] pro-
posed an interesting version of such where the SM gauge
bosons and the third generation of quarks and leptons
live in the D(= 6, 8, · · · )-dimensional bulk, while the first
and second generations are confined in the 3-brane (4-
dimensional Minkowski space-time). Gauge interactions
in higher dimensions than four become strong in a cer-
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tain high-energy region. Bulk gauge interactions are ex-
pected to trigger the top condensation without adding ad
hoc four-fermion interactions, in contrast to the original
version of the TMSM.
However, the dynamics of bulk gauge theories was
not concretely analyzed in Ref. [13]. In particular, as
it turned out [14] (see also Refs. [15, 16]), the bulk
QCD coupling, which is the most relevant interaction
for the top condensation, has an ultraviolet fixed point
(UV-FP) or upper bound within the same MS-scheme of
the truncated Kaluza-Klein (KK) effective theory [12] as
that Ref. [13] was based on. Thus, it is quite nontrivial
whether the top condensation is actually realized or not.
In Refs. [14, 17], we have studied the dynamical chiral
symmetry breaking (DχSB) in bulk gauge theories, based
on the ladder Schwinger-Dyson (SD) equation.1 Switch-
ing off the electroweak interaction in the bulk, we then
found that the bulk QCD coupling cannot become suffi-
ciently large to trigger the top condensation for D = 6,
while the top condensation can be realized for D = 8.
For the purpose of model building, we further need
to study the effect of the bulk electroweak interactions:
Since the bulk U(1)Y interaction grows very quickly due
to the power-like running behavior and reaches immedi-
ately its Landau pole ΛLY , it may affect the most favored
channel for condensate, i.e., the most attractive channel
(MAC) [19]. We also need to study whether or not the
prediction of the top mass agrees with the experiments.
In this paper2, we demonstrate a possibility that the
top condensate is actually the MAC even including all of
1 DχSB in other scenario for extra dimensions was investigated in
Ref. [18].
2 The preliminary report was given in Ref. [20].
2the bulk SM gauge interactions. This is quite nontrivial,
because inclusion of the strong bulk U(1)Y interaction
may favor the tau condensation rather than the top con-
densation. In order for only the top quark to acquire the
dynamical mass of the order of the EWSB scale, the bind-
ing strength should exceed the critical binding strength
κcritD only for the top quark (“topped MAC” or “tMAC”).
Namely, our scenario works only when
κt(Λ) > κ
crit
D > κb(Λ), κτ (Λ), · · · , (1)
where κt(Λ), κb(Λ) and κτ (Λ) denote the binding
strengths of the top, bottom, and tau condensates at the
scale Λ, respectively. We refer to the scale Λ satisfying
Eq. (1) as the tMAC scale ΛtM.
For the MAC analysis, we study binding strengths
κt,b,τ by using the one-loop renormalization group equa-
tions (RGEs) of dimensionless bulk gauge couplings. It is
in contrast to the analysis of ACDH [13] where all of bulk
gauge couplings are assumed equal (and strong enough
for triggering the EWSB). In order to check reliability
of our MAC analysis, we also study the regularization-
scheme dependence of the binding strengths. We calcu-
late gauge couplings in two prescriptions, the MS-scheme
of the truncated KK effective theory and the proper-time
(PT) scheme [12].
There are some varieties in the estimation of κcritD : The
naive dimensional analysis (NDA) [21, 22] implies κcritD ∼
1, while the ladder SD equation yields much smaller value
κcritD ∼ 0.1 [14, 17]. As the estimate of κcritD increases in
Eq. (1), the region of the tMAC scale gets squeezed. Even
if we adopt the lowest possible value of κcritD given by the
ladder SD equation [14, 17], we find that the tMAC scale
does not exist for the simplest scenario with D = 6. On
the other hand, the tMAC scale does exist in D = 8 for
the value of the ladder SD equation, ΛtMR = 3.5–3.6,
where the compactification scale R−1 is taken to be 1–
100 TeV. For D = 10, the MAC analysis significantly
depends on the regularization scheme.
Once we obtain the tMAC scale ΛtM, we can easily
predict the top mass mt and the Higgs mass mH by us-
ing the renormalization group equations (RGEs) for the
top Yukawa and Higgs quartic couplings, and the com-
positeness conditions [4] at the scale Λ = ΛtM. This is in
contrast to the earlier approach [13] (see also Ref. [23])
where the composite scale Λ is treated as an adjustable
free parameter and fixed so as to reproduce the experi-
mental value of mt. Without such an adjustable param-
eter, we predict the top quark mass
mt = 172− 175 GeV (2)
for D = 8 and R−1 = 1–100 TeV. This agrees with the
experimental value, mt = 174.3± 5.1 GeV [24]. We find
that the value of mt near the compactification scale R
−1
is governed by the quasi infrared fixed point (IR-FP) for
the top Yukawa coupling y [25], which is approximately
obtained as y = g3 ·
√
CF (6 + δ)/(2δ/2Nc + 3/2) with
the 4-dimensional QCD coupling g3, the number of color
Nc(= 3), the quadratic Casimir of the fundamental rep-
resentation CF (= 4/3), and δ ≡ D − 4. The suppression
factor 2−δ/2 in y arises from one-loop effects of the bulk
top quark which is equivalent to a tower of KK modes
(massive vector-like fermions). The mechanism suppress-
ing the top mass prediction is thus similar to that of the
top seesaw [26]. We also predict the Higgs boson mass
as
mH = 176− 188 GeV. (3)
Thanks to the IR-FP property, the prediction for mt and
mH is stable. The Higgs boson with such a characteristic
mass can be distinguished clearly from that of supersym-
metric or other typical dynamical EWSB models simply
through its mass determination in experiments. It will
also be discovered immediately after the physics run of
LHC.
The paper is organized as follows. In Sec. II, we study
running effects of bulk gauge couplings in the MS-, and
PT-schemes. In Sec. III, we identify the tMAC scale.
In Sec. IV, we predict mt and mH for D = 8. Sec. V
is devoted to summary and discussions. In Appendix
A, we present details of our procedure for the orbifold
compactification. We also count the total number of KK
modes below the renormalization point. Appendix B is
for details of bulk gauge couplings in the PT-scheme.
II. RUNNING OF BULK GAUGE COUPLINGS
Let us consider a simple version of the TMSM with
extra dimensions where the SM gauge group and the
third generation of quarks and leptons are put in D-
dimensional bulk, while the first and second gener-
ations live on the 3-brane (4-dimensional Minkowski
space-time). The D-dimensions consist of the usual 4-
dimensional Minkowski space-time and extra δ(= D− 4)
spatial dimensions compactified at a TeV-scale R−1. The
number of dimensions D is taken to be even, D =
6, 8, 10, · · · , so as to introduce chiral fermions in the bulk.
In order to obtain a 4-dimensional chiral theory and to
forbid massless gauge scalars, we compactify extra di-
mensions on the orbifold T δ/Z
δ/2
2 (see Appendix A). We
emphasize that there is no elementary field for Higgs in
our model. The chiral condensation of bulk fermions may
generate dynamically a composite Higgs field, instead.
Hence we investigate RGEs of bulk gauge couplings in-
cluding loop effects of the composite Higgs.
A. MS-coupling in the truncated KK effective
theory
We expand bulk fields into KK modes and construct
a 4-dimensional effective theory. In this subsection, we
study running of gauge couplings in the “truncated KK”
effective theory [12] based on the MS-scheme. Below the
3compactification scaleR−1, RGEs of 4-dimensional gauge
couplings gi(i = 3, 2, Y ) are given by those of the SM,
(4π)2µ
dgi
dµ
= bi g
3
i , (µ < R
−1) (4)
with b3 = −7, b2 = − 196 and bY = 416 for one (composite)
Higgs doublet. We need to take into account contribu-
tions of KK modes in µ ≥ R−1. Since the KK modes
heavier than the renormalization scale µ are decoupled
in the MS-RGEs, we only need summing up the loops
of the KK modes lighter than µ. Within the truncated
KK effective theory, we obtain RGEs for gauge couplings
gi(i = 3, 2, Y ):
(4π)2µ
dgi
dµ
= bi g
3
i + b
KK
i (µ) g
3
i , (µ ≥ R−1) (5)
where RGE coefficients bKKi (µ) are given by
bKK3 (µ) = −11NgKK(µ) +
δ
2
NgsKK(µ)
+
8
3
ngN
f
KK(µ) (6)
for SU(3)c,
bKK2 (µ) = −
22
3
NgKK(µ) +
δ
3
NgsKK(µ)
+
8
3
ngN
f
KK(µ)
+
1
6
nhN
h
KK(µ) (7)
for SU(2)W , and
bKKY (µ) =
40
9
ngN
f
KK(µ) +
1
6
nhN
h
KK(µ) (8)
for U(1)Y . Here δ is defined as
δ ≡ D − 4. (9)
In Eqs. (6)–(8), N iKK(µ), i = g, gs, f, h denote the
total number of KK modes for gauge bosons, gauge
scalars, Dirac (4-component) fermions, and composite
Higgs bosons below µ, respectively. The number of gen-
erations in the bulk is ng, which is unity in our model.
In the following analysis, we assume one composite Higgs
doublet, nh = 1. N
i
KK(µ) for i = g, gs, f, h are not nec-
essarily equal, since the orbifold boundary conditions are
depending on i. For details, see Appendix A. We show
numerical values for NgKK(µ) = N
h
KK(µ), (the solid lines),
NgsKK(µ), (the dashed lines), and N
f
KK(µ)/2
δ/2−1, (the
dotted lines) in Figs. 1(b), 2(b) and 3(b).
Matching the 4-dimensional action to the bulk action,
we find the relation between the 4-dimensional gauge cou-
pling g and the dimensionful bulk gauge coupling gD,
g2D = (2πR)
δg2/2δ/2. We define the dimensionless bulk
gauge coupling gˆ as gˆ2 ≡ g2Dµδ and thereby obtain
gˆ2i (µ) =
(2πRµ)δ
2δ/2
g2i (µ). (10)
Combining Eq. (10) with Eq. (5), we find RGEs for gˆi,
µ
d
dµ
gˆi =
δ
2
gˆi
+
gˆ3i
(4π)2
2δ/2
(2πRµ)δ
[
bi + b
KK
i (µ)
]
. (11)
In Figs. 1(a), 2(a) and 3(a), we show typical behavior of
the dimensionless bulk gauge couplings. We have used
the couplings αi(≡ g2i /(4π)) at µ =MZ(= 91.1876 GeV)
as inputs of RGEs: [24]
α3(MZ) = 0.1172, (12)
α−1QED(MZ) = 127.922 and sin
2 θW (MZ) = 0.23113, i.e.,
α2(MZ) = 0.033822, αY (MZ) = 0.010167. (13)
We note here that the U(1)Y has the Landau pole ΛLY .
The bulk gauge coupling gˆY (µ) rapidly grows due to the
power-like behavior of the running. As a result, the Lan-
dau pole ΛLY is close to the compactification scale R
−1.
A cutoff smaller than the Landau pole ΛLY needs to be
introduced in our model.
A handy approximation for N iKK(µ ≫ R−1) is widely
used,
N iKK(µ) ≃


NKK(µ) for i = g, gs, h,
2δ/2−1NKK(µ) for i = f,
(14)
with
NKK(µ) =
1
2δ/2
πδ/2
Γ(1 + δ/2)
(µR)δ. (15)
We show NKK(µ) in Figs. 1(b), 2(b) and 3(b) with the
dash-dotted line. The deviation of Eq. (14) from the
numerical calculations of N iKK(µ) is negligibly small for
D = 6, whereas it is sizable for D = 8, 10 in µ <∼ ΛLY .
We do not use the approximation of Eq. (14) for the MAC
analysis3.
Here we comment on the UV-FP4 discussed in
Ref. [14], which relies on the approximation of Eq. (15).
(See also Refs. [15, 16].) Using Eqs. (14) and (15),
Ref. [14] gave a RGE formula
µ
d
dµ
gˆi =
δ
2
gˆi +
(
1 +
δ
2
)
ΩNDA b
′
i gˆ
3
i , for µ≫ R−1,
(16)
3 We have used the approximation Eq. (14) in the previous re-
port [20]. While the MAC analysis is somewhat affected by the
approximation, the predictions of mt and mH are not.
4 Whether or not the nontrivial UV-FP exists has been studied by
lattice calculations in the context of compactified extra dimen-
sions or dimensional deconstruction [27, 28].
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FIG. 1: Typical behaviors of (a) gˆ2iΩNDA and (b)N
i
KK forD =
6. We assumed ng = 1, R
−1 = 10 TeV. Values of N iKK(µ)
are equal in D = 6, i.e., NgKK(µ) = N
gs
KK(µ) = N
h
KK(µ) =
NfKK(µ). In (b), bold and dash-dotted lines represent the
numerical analysis of N iKK(µ) and its approximation Eq. (15),
respectively.
with ΩNDA being the loop factor in D dimensions,
ΩNDA ≡ 1
(4π)D/2Γ(D/2)
. (17)
The RGE coefficients b′i are
b′3 = −11 +
δ
2
+
4
3
· 2δ/2 ng, (18)
b′2 = −
22
3
+
δ
3
+
4
3
· 2δ/2 ng + 1
6
nh, (19)
b′Y =
20
9
· 2δ/2 ng + 1
6
nh. (20)
The RGE (16) leads to the UV-FP gi∗ [14],
g2i∗ΩNDA =
1
−(1 + 2/δ) b′i
, (21)
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FIG. 2: Typical behaviors of (a) gˆ2iΩNDA and (b) N
i
KK for
D = 8. We assumed ng = 1, R
−1 = 10 TeV. In (b), bold-
solid and bold-dashed lines represent the numerical analysis
of NgKK(µ) = N
h
KK(µ) and N
gs
KK(µ) = N
f
KK(µ)/2, respectively.
The dash-dotted line denotes the approximation Eq. (15).
for b′i < 0. In the case of D = 6, ng = 1, 2, 3 and D =
8, ng = 1, b
′
3 become negative and hence the bulk QCD
has such a UV-FP. On the other hand, in D = 10, ng = 1
the bulk QCD coupling has a Landau pole at 4.26R−1.
B. Proper-time regularization
There are several manners to define bulk gauge cou-
plings. In this subsection, we study bulk gauge couplings
based on the proper-time (PT) regularization scheme
with a matching condition slightly different from that
in Ref. [12]. In the PT-scheme, one-loop contributions of
all KK modes are smoothly (exponentially) suppressed,
whereas the contributions of KK modes heavier than the
renormalization scale µ are sharply cut off in the trun-
cated KK effective theory. We here note that the Lan-
dau pole ΛLY is not so far from the compactification
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FIG. 3: Typical behaviors of (a) gˆ2iΩNDA and (b) N
i
KK for
D = 10. We assumed ng = 1, R
−1 = 10 TeV. In (b), bold-
solid, bold-dashed and bold-dotted lines represent the numer-
ical analysis of NgKK(µ) = N
h
KK(µ), N
gs
KK(µ), and N
f
KK(µ)/4,
respectively. The dash-dotted line denotes the approximation
Eq. (15).
scale R−1, particularly for D = 8, 10. Under such a
situation, numerical differences between MS-, and PT-
couplings may be significant.
We briefly present our definition of the PT-coupling
and give the matching condition to the MS-coupling
through the effective charge. See Appendix B for details.
Our 4-dimensional PT-coupling gPT(Λ) is a bare quan-
tity defined at the cutoff Λ, in sharp contrast to the
MS-coupling gMS(µ), which is a renormalized quantity.
The effective charge geff(q
2
E) with Euclidean momentum
q2E(≡ −q2) is obtained in the PT-scheme as
1
g2eff(q
2
E)
∣∣∣∣
PT
=
1
g2PT(Λ)
− b
(4π)2
ln
rq2E
4Λ2
+
cPT0
(4π)2
−
∑
m2
~n
>0
ΠPTKK(q
2
E ;m
2
~n) (22)
with m2~n = |~n|2/R2, ~n ≡ (n1, n2, · · · , nδ) and a constant
r to be discussed later. The coefficient b of the logarith-
mic divergent term from zero modes is given by
b ≡ −11
3
CA +
4TR
3
nf +
TR
3
nh, (23)
where CA is the quadratic Casimir of the adjoint repre-
sentation, TR the trace of the product of two generator
matrices, tr(T aT b) = TRδ
ab, and nf the number of fla-
vor of 4-component fermions. The constant term cPT0 in
Eq. (22) arises from zero modes and is given by
cPT0 = −(4cg − cs)CA + (8nf cf + nh cs)TR, (24)
with
cg ≃ 0.0365, cs ≃ 0.2343, cf ≃ −0.0501. (25)
The KK mode summation of the vacuum polarization
function ΠPTKK(q
2
E ;m
2
~n) is calculated in the PT-scheme,∑
|~n|2>0
ΠPTKK(q
2
E ,m
2
~n) =
CA
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
[
4− (2x− 1)2 ] e−tx(1−x)q2EKg(t)
− δ
2
CA
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
(2x− 1)2e−tx(1−x)q2EKgs(t)
−8TR nf
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
x(1 − x)e−tx(1−x)q2EKf(t)
−TR nh
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
(2x− 1)2e−tx(1−x)q2EKh(t),
(26)
where Ki’s are defined as
Ki(t) ≡ N δ,[n]1i
[
1
2
(ϑ3 − 1)
]
+N δ,[n]2i
[
1
2
(ϑ3 − 1)
]2
+· · ·
(27)
for i = g, gs, f, h, with ϑ3 being the Jacobi ϑ3 function,
ϑ3 = ϑ3(it/(πR
2)). The definition of the factor N δ,[n]ki
is given in Appendix A. (For values of N δ,[n]ki in D =
6, 8, 10, see Table I–III.)
On the other hand, the effective charge geff(q
2
E) is also
calculated in the MS-scheme [14],
1
g2eff(q
2
E)
∣∣∣∣
MS
=
1
g2
MS
(µ)
− b
(4π)2
ln
q2E
µ2
+
cMS0
(4π)2
−
∑
0<m2
~n
<µ2
ΠMSKK(q
2
E = 0;m
2
~n;µ
2)
−
∑
m2
~n
>0
Π
MS
KK(q
2
E ;m
2
~n), (28)
6where
(4π)2ΠMSKK(q
2
E = 0;m
2
~n;µ
2) =
−11
3
CA ln
m2~n
µ2
+
δ
6
CA ln
m2~n
µ2
+
4nfTR
3
ln
m2~n
µ2
+
nhTR
3
ln
m2~n
µ2
, (29)
and
(4π)2Π
MS
KK(q
2
E ;m
2
~n) =
−CA
[
4IRg (q
2
E ;m
2
~n)− IRs (q2E ;m2~n)
]
+
δ
2
CA I
R
s (q
2
E ;m
2
~n)
+8TR nf I
R
f (q
2
E ;m
2
~n)
+TR nh I
R
s (q
2
E ;m
2
~n), (30)
with
IRg =
∫ 1
0
dx ln
(
1 + x(1 − x) q
2
E
m2~n
)
, (31)
IRs =
∫ 1
0
dx (2x − 1)2 ln
(
1 + x(1− x) q
2
E
m2~n
)
, (32)
IRf =
∫ 1
0
dxx(1 − x) ln
(
1 + x(1 − x) q
2
E
m2~n
)
. (33)
The constant term from zero modes is given by
cMS0 = −
67
9
CA +
(
20
9
nf +
8
9
nh
)
TR. (34)
Now, we impose the matching condition to relate the
PT- and MS-couplings:
1
g2eff(q
2
E → 0)
∣∣∣∣
PT
=
1
g2eff(q
2
E → 0)
∣∣∣∣
MS
(35)
i.e.,
1
g2PT(Λ)
− b
(4π)2
ln
rq2E
4Λ2
+
cPT0
(4π)2
−
∑
m2
~n
>0
ΠPTKK(q
2
E → 0;m2~n)
=
1
g2
MS
(µ)
− b
(4π)2
ln
q2E
µ2
+
cMS0
(4π)2
−
∑
0<m2
~n
<µ2
ΠMSKK(q
2
E = 0;m
2
~n;µ
2). (36)
Following Ref. [12], we further impose a condition,
gPT(Λ) = gMS(µ = Λ) in Λ ≫ R−1. The parameter r
of the PT-cutoff is then determined as
r ≡ πX−2/δδ , Xδ =
πδ/2
Γ(1 + δ/2)
. (37)
The matching condition in Ref. [12] roughly corresponds
to
1
g2PT(Λ)
−
∑
m2
~n
>0
ΠPTKK(q
2
E → 0;m2~n) =
1
g2
MS
(µ0)
, (38)
with µ0 ∼ R−1. There is an ambiguity associated with
the matching scale µ0. On the other hand, Eq. (36) in-
cludes effects of the finite parts cPT0 , c
MS
0 and hence is less
ambiguous about the matching scale.
The matching condition (36) determines values of PT-
couplings at Λ = R−1 = 10 TeV,
αPT3 (R
−1) = 0.0731, αPTY (R
−1) = 0.01071, (D = 6),
αPT3 (R
−1) = 0.0741, αPTY (R
−1) = 0.01070, (D = 8),
αPT3 (R
−1) = 0.0752, αPTY (R
−1) = 0.01013, (D = 10),
while the corresponding values in the MS-scheme at µ =
R−1 = 10 TeV are
αMS3 (R
−1) = 0.0726, αMSY (R
−1) = 0.010724, (39)
where inputs are Eqs. (12) and (13). At the compacti-
fication scale R−1, the scheme dependence between the
PT-, MS-couplings are not significant for D = 6, 8, 10.
In order to discuss the scheme dependence at the scale
beyond R−1, we define the dimensionless bulk gauge cou-
pling in the PT-scheme gˆPT(Λ),
gˆ2PT(Λ) ≡
(2πRΛ)δ
2δ/2
g2PT(Λ) (40)
in the same way as Eq. (10), where gPT(Λ) is the 4-
dimensional coupling. In the next section, we will dis-
cuss the scheme dependence of the couplings, gˆPT(Λ) and
gˆMS(µ = Λ): The scheme dependence near the Landau
pole ΛLY is small for D = 6, 8, while it is significant for
D = 10.
III. ANALYSIS OF tMAC SCALE
In this section, we analyze the energy scale ΛtM (tMAC
scale) where the top condensate is the MAC and only in
the t¯t-channel the binding strength exceeds the critical
value, i.e.,
κt(ΛtM) > κ
crit
D > κb(ΛtM), κτ (ΛtM), · · · , (41)
where κt,b,τ are given in terms of the SM gauge cou-
plings in the bulk such as those shown in Figs. 1(a), 2(a),
3(a) and the critical binding strength κcritD is determined
by the ladder SD equation [14, 17]. This is contrasted
to the MAC analysis in Ref. [13] where it was assumed
that gˆ23 = gˆ
2
2 = gˆ
2
1(= 5/3gˆ
2
Y ) and that the value is large
enough to trigger the DχSB. However, as we have shown
in Figs. 1(a), 2(a) and 3(a), values of the couplings at
the scale where gˆ23 ≃ gˆ22 ≃ gˆ21 are not necessarily large,
7gˆ2iΩNDA ∼ 0.1, for D = 6, 8, 10. It is thus highly non-
trivial whether or not the tMAC scale ΛtM exists.
As usual, we discuss the MAC based on the one-
gauge-boson-exchange approximation [19]. The binding
strength κ of a ψ¯χ channel is given by
κ(µ) ≡ −gˆ23(µ)ΩNDAT ψ¯ · T χ
−gˆ22(µ)ΩNDAT ′ψ¯ · T ′χ
−gˆ2Y (µ)ΩNDAYψ¯Yχ, (42)
where T , T ′ are the generators of SU(3)c, SU(2)W , and
Y is the hypercharge. Noting the identity
−T ψ¯ · T χ =
1
2
(
C2(ψ¯) + C2(χ)− C2(ψ¯χ)
)
, (43)
with C2(r) being the quadratic Casimir for the repre-
sentation r of the gauge group, we calculate the binding
strengths:
κt(µ) = CF gˆ
2
3(µ)ΩNDA +
1
9
gˆ2Y (µ)ΩNDA, (44)
κb(µ) = CF gˆ
2
3(µ)ΩNDA −
1
18
gˆ2Y (µ)ΩNDA, (45)
κτ (µ) =
1
2
gˆ2Y (µ)ΩNDA, (46)
for the top, bottom and tau condensates, respectively,
where CF (= 4/3) is the quadratic Casimir of the funda-
mental representation of SU(3)c. In the following analy-
sis, we study these three channels.
We next turn to the estimation of the critical binding
strength κcritD . Often applied is the naive dimensional
analysis (NDA) [21, 22], κcritD ∼ 1. On the other hand,
the value of κcritD is fairly smaller than that of the NDA
in the approach of the improved ladder SD equation [14],
κcrit6 ≃ 0.122, κcrit8 ≃ 0.146, κcrit10 ≃ 0.163. (47)
There are actually some issues in the estimation of κcritD
through the ladder SD equation:
• Non-ladder corrections may push the value of κcritD
down as much as 1–20%, as in the analysis of the
4-dimensional walking technocolor [29].
• Another momentum identification of the (dimen-
sionful) running coupling constant requires the
nonlocal gauge fixing [30], which pushes up the
value of κcritD as [17],
κcrit6 = 0.15, κ
crit
8 ≃ 0.214, κcrit10 ≃ 0.278. (48)
• The values in Eqs. (47)–(48) were obtained under
the assumption that the dimensionless bulk gauge
coupling gˆ is constant. As shown in Figs. 1(a),
2(a) and 3(a), all of bulk gauge couplings gˆ2i (µ)
are monotonously increasing functions. This means
that the attractive force is overestimated under the
simplification of gˆ2i (µ) = const., i.e., the momen-
tum dependence of gˆ makes values of κcritD larger
than Eqs. (47)–(48).
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FIG. 4: Binding strengths κt,b,τ with D = 6, ng = 1, R
−1 =
10 TeV. The graphs (a) and (b) correspond to the MS- and
PT-schemes, respectively. We also show κcrit6 of Eq. (47) by
the horizontal dashed line.
• Effects of the compactification were also neglected
in the estimate of Eqs. (47)–(48). If such effects are
included, the value of κcritD becomes also larger.
Taking these issues into account, we may regard the value
of κcritD in Eq. (47) to be a reference value as the best
compromise.
Now, we are ready to investigate the tMAC scale. We
show behavior of the binding strengths κt,b,τ both in the
MS- and PT-couplings in Figs. 4–6 to study the scheme
dependence.
We first discuss the tMAC scale based on the MS-
coupling. We compare attractive forces of top, bottom,
and tau condensates with κcritD in Figs. 4(a), 5(a) and
6(a) for R−1 = 10 TeV. As the value of κcritD becomes
larger, the tMAC scale gets squeezed.
ForD = 6, we find that the tMAC scale is squeezed out,
if we use the reference value κcrit6 Eq. (47). The conclusion
is unchanged against varying the compactification scale
8(a)
0
0.1
0.2
0.3
0.4
0.5
0 50 100 150 200 250
2 2.5 3 3.5
(µ R)4
µ R
κτ κt
κb
κ8
crit
D=8
(b)
0
0.1
0.2
0.3
0.4
0.5
0 50 100 150 200 250
2 2.5 3 3.5
(Λ R)4
Λ R
κτ κt
κb
κ8
crit
D=8
FIG. 5: Binding strengths κt,b,τ with D = 8, ng = 1, R
−1 =
10 TeV. The graphs (a) and (b) correspond with the MS- and
PT-schemes, respectively. We also show κcrit8 of Eq. (47) by
the horizontal dashed line. The shaded region is the tMAC
scale ΛtM satisfying Eq. (41).
as far as R−1 > 1 TeV. Actually, the tau condensation
instead of the top condensation becomes the MAC. In
order for the tMAC scale to survive, the value of κcrit6
should be lower than the reference value by about 20%
for R−1 = 1–100 TeV, which is highly unlikely. Thus the
scenario does not work for D = 6.
For D = 8, on the other hand, the tMAC scale ΛtM
satisfying Eq. (41) does exist,
ΛtMR = 3.55 – 3.59, (R
−1 = 10 TeV), (49)
for the reference value of κcritD . If we vary the compact-
ification scale as R−1 = 1–100 TeV, we find the tMAC
scale,
ΛtMR = 3.5 – 3.6. (50)
For D = 10, the tMAC scale does not exist for R−1 =
10 TeV. If we admit R−1 ≤ 5 TeV, we barely find the
tMAC scale ΛtMR = 2.56–2.57 for R
−1 = 1–5 TeV.
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FIG. 6: Binding strengths κt,b,τ with D = 10, ng = 1, R
−1 =
10 TeV. The graphs (a) and (b) correspond with the MS- and
PT-schemes, respectively. We also show κcrit10 of Eq. (47) by
the horizontal dashed line. The shaded region is the tMAC
scale ΛtM satisfying Eq. (41).
We have studied the tMAC scale so far by using the
MS-coupling. In order to clarify the scheme dependence,
we also investigate the PT-coupling in the MAC analy-
sis. We show binding strengths κt,b,τ in the PT-scheme in
Figs. 4(b), 5(b) and 6(b) for R−1 = 10 TeV. We find that
the scheme dependence is negligibly small for D = 6. Al-
though behavior of the binding strengths κt,b,τ for D = 8
somewhat depends on the regularization scheme, there
does exist an overlapped region of the tMAC scale be-
tween the MS- and PT-schemes. For D = 10, however,
the scheme dependence is rather large: There is no over-
lap of the tMAC scale for R−1 = 1–100 TeV.
In conclusion we have shown that the region of the
tMAC scale is squeezed out for D = 6, while the tMAC
scale does exist for D = 8 without much ambiguity. For
D = 10, we cannot obtain a reliable result because of the
significant scheme dependence.
9IV. PREDICTION OF mt AND mH
In this section, we calculate the top mass mt and the
Higgs mass mH by using RGEs of the top Yukawa and
Higgs quartic couplings with the compositeness condi-
tions [4] in a way used by ACDH [13].
Let us first recapitulate the compositeness conditions
in Ref. [13]: Assume that the top condensation takes
place in the bulk. Then, at the compositeness scale Λ, a
scalar bound state H (composite Higgs),
H ∼ (q¯LtR), (51)
is formed in the bulk, where qL[≡ (tL, bL)T ] and tR are
bulk fermions. At this stage, the composite HiggsH does
not propagate in the bulk. Its kinetic term is expected
to develop at the scale below Λ. It is assumed that the
effective theory below Λ is described by the bulk SM. In
the truncated KK effective theory of the bulk SM, the
compositeness conditions then read
y(µ)→∞, λ(µ)
y(µ)4
→ 0, (µ→ Λ), (52)
where y and λ denote the top Yukawa and Higgs quartic
couplings, respectively.
We shall use the above procedure to calculate mt and
mH . In contrast to the ACDH analysis, however, we have
shown existence of the tMAC scale for D = 8 without
much ambiguity and hence the extra dimension scenario
of the TMSM is actually possible. Furthermore, while
the compositeness scale Λ in Ref. [13] was treated as a
free parameter to be adjusted for reproducing the exper-
imental value of mt, we identify the compositeness scale
Λ with the tMAC scale ΛtM,
Λ = ΛtM, (53)
which is no longer an adjustable parameter but con-
strained as Eq. (50). Thus we can test our model by
comparing the predicted mt with the experimental value.
Within the truncated KK effective theory, RGEs for y
and λ read 5
(4π)2µ
dy
dµ
= βSMy + β
KK
y , (54)
(4π)2µ
dλ
dµ
= βSMλ + β
KK
λ , (55)
5 Certain of the terms in Eq. (57) are missing in the RGEs of
Ref. [13].
where
βSMy = y
[(
3 +
3
2
)
y2 − 8g23 −
9
4
g22 −
17
12
g2Y
]
, (56)
βKKy =
(
6NfKK +
3
2
NhKK
)
y3
−NgKK
(
8g23 +
9
4
g22 +
17
12
g2Y
)
y
−δNgsKK
(
4
3
g23 −
3
8
g22 −
1
72
g2Y
)
y, (57)
βSMλ = 12
(
λy2 − y4)+ 12λ2
+
3
4
(3g42 + 2g
2
2g
2
Y + g
4
Y )
−3(3g22 + g2Y )λ, (58)
βKKλ = 24N
f
KK
(
λy2 − y4)+ 12NhKKλ2
+NgKK
[
3
4
(
3g42 + 2g
2
2g
2
Y + g
4
Y
)− 3(3g22 + g2Y )λ
]
+
δ
4
NgsKK(3g
4
2 + 2g
2
2g
2
Y + g
4
Y ). (59)
Note that βSMy,λ and β
KK
y,λ stand for contributions of zero
modes and KK modes, respectively. We calculate the
RGEs by using the UV-BCs Eq. (52) and determine mt
and mH through the conditions,
mt =
v√
2
y(mt), mH = v
√
λ(mH), (60)
with v = 246 GeV.
We show results of mt and mH in Figs. 7, 8, 9 for
D = 6, 8, 10, R−1 = 10 TeV for various values of the
compositeness scale Λ. As we have shown in Sec. III,
the tMAC scale does exist only for D = 8 without much
ambiguity, ΛtMR = 3.5–3.6. Identifying Λ with ΛtM,
we depict the region of the tMAC scale for D = 8 by
the shaded area in Fig. 8. There is no shaded region in
Figs. 7 and 9, because a sensible tMAC scale is absent
for D = 6, 10. For D = 8 we predict
mt = 172− 175 GeV, (61)
and
mH = 176− 188 GeV, (62)
for the range of the compactification scale R−1 = 1–100
TeV. The uncertainties in Eqs. (61) and (62) also include
error of α3(MZ) = 0.1172± 0.0020 [24].
Remarkably, the prediction Eq. (61) for mt is consis-
tent with the reality, the MS-mass mt = 164.7± 4.9 GeV
which is calculated from the observed value of the pole
mass, 174.3±5.1 GeV [24]. It should be emphasized that
the compositeness scale Λ in Ref. [13] is an arbitrary pa-
rameter and was adjusted to reproduce the experimental
value of the top mass. On the contrary, our composite-
ness scale Λ is fixed by the tMAC scale ΛtM by requir-
ing that the top quark condensation actually takes place,
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FIG. 7: Solutions mt and mH of Eq. (60) with the compos-
iteness conditions (52) for D = 6, R−1 = 10 TeV. The dashed
vertical line represents the Landau pole ΛLY .
while other condensations do not. Hence the top mass as
well as the Higgs mass is the prediction in our approach.
Compared with the prediction of Ref. [13], mH ∼ 170−
230 GeV for D = 8, Eq. (62) is determined more sharply.
This is because our compositeness scale Λ is given by the
tMAC scale ΛtM which is more severely constrained than
Λ of Ref. [13], the value determined from the top mass
within 3σ of the experimental value.
We now discuss the reason why the value of Eq. (61)
is significantly smaller than that of the original TMSM
in four dimensions which predicted mt>∼ 200 GeV. Let
us consider a simplified RGE for y neglecting the elec-
troweak gauge interactions:
(4π)2µ
dy
dµ
=
(
2NcN
f
KK +
3
2
NhKK
)
y3
−(6NgKK + δNgsKK)CF y g23, (63)
with Nc = 3, CF = 4/3. Using Eq. (14) as an approxi-
mation for N iKK and equating the R.H.S. of Eq. (63) to
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FIG. 8: Solutions mt and mH of Eq. (60) with the compos-
iteness conditions (52) for D = 8, R−1 = 10 TeV. The dashed
vertical line represents the Landau pole ΛLY . The shaded
region is the tMAC scale ΛtM satisfying Eq. (41).
zero, we find the quasi IR fixed point yqIR(µ) [25]
yqIR(µ) = g3(µ) ·
√
CF (6 + δ)
2δ/2Nc +
3
2
. (64)
The value of Eq. (64) decreases as δ(≡ D−4) increases at
µ = R−1, since the value of g3(R
−1) is determined within
the SM independently of δ. In the original TMSM with
D = 4 the prediction of mt is governed by Eq. (64) with
δ = 0 [4]. As a result, the prediction of mt with δ > 0 is
substantially lower than that of the original TMSM with
δ = 0.
The mechanism is still operative even including the
electroweak gauge interactions: In Fig. 10, we show the
quasi IR fixed point and the behavior of y based on the
full one-loop RGE (54) with various boundary condi-
tions at Λ. We also show the Pendleton-Ross (PR) fixed
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FIG. 9: Solutions mt and mH of Eq. (60) with the composite-
ness conditions (52) for D = 10, R−1 = 10 TeV. The dashed
vertical line represents the Landau pole ΛLY .
point [31] determined from ddµ
y
g3
= 0: 6
yPR(µ) = g3(µ) ·
√
(6 + δ)CF + b′3
2δ/2Nc +
3
2
(65)
with b′3 being
b′3 =
(
−11
3
+
δ
6
)
CA +
8
3
· 2δ/2TR (66)
and CA = Nc, TR = 1/2. For b
′
3 = 0 the PR fixed
point is identical to the quasi IR fixed point. As far
as b′3 < 0 (D = 6, 8), the value of the PR fixed point
is smaller than that of the quasi IR fixed point, yPR <
yqIR, while yPR > yqIR for D = 10. The top Yukawa
coupling at R−1 for D = 6, 8 is actually between yPR
and yqIR for a sufficiently large top Yukawa, y(Λ)>∼ 1, at
6 Ref. [13] argued the constraint from the PR fixed point without
discussing the quasi IR fixed point.
high energy scale (ΛR)δ ≫ 1. We note here that the
actual prediction of mt with D = 6, 8 is even smaller
than the value expected from yqIR.
We also comment that the predicted values of mt and
mH would be stable thanks to these fixed points, even if
the estimate of the tMAC scale were somewhat changed
from ours for some reason.
As was already pointed out in Ref. [13], the lower value
prediction ofmt than that of the original TMSM can also
be understood as follows: Since KK modes of the top
quark (t(n)) as well as its zero mode (t(0)) contribute to
the VEV v,
v ∝ 〈t¯(0)t(0)〉+
∑
n>0
〈t¯(n)t(n)〉, (67)
the condensate 〈t¯(0)t(0)〉 is suppressed compared with the
original TMSM and so is the top mass.
Now we discuss implication of our Higgs mass predic-
tion Eq. (62). The upper limit of mH from radiative
corrections in the SM is mH < 199 GeV at 95% CL [24].
The prediction Eq. (62) is still below this upper limit.
In order to discriminate the present model from the SM
in experiments, we need further information of physics
at the compactification scale. However, the Higgs boson
in such a mass range, mH = 176 − 188 GeV, is charac-
teristically small within the framework of the dynamical
EWSB. Yet the value is substantially larger than that
of typical supersymmetric models, mH <∼ 130 GeV. Thus
the present scenario is clearly distinguished from most
of the models beyond the SM simply through the Higgs
mass observation. The Higgs boson of this mass range
decays into weak boson pair almost 100%. It will be
immediately discovered in H → WW (∗)/ZZ(∗) once the
LHC starts.
V. SUMMARY AND DISCUSSIONS
We have argued a viable top mode standard model
(TMSM) with TeV-scale extra dimensions where bulk
SU(3) × SU(2) × U(1) SM gauge interactions (without
ad hoc four-fermion interactions) trigger condensate of
only the top quark, but not of other quarks and leptons.
In order for such a situation to be realized, the binding
strength κ should exceed the critical binding strength
κcritD only for the top quark (tMAC),
κt(ΛtM) > κ
crit
D > κb(ΛtM), κτ (ΛtM), · · · . (68)
The binding strengths κt,b,τ were calculated by using
RGEs for bulk SM gauge couplings. Comparing κt,b,τ
with κcritD , we searched for the region of the tMAC scale
ΛtM satisfying Eq. (68). We then found that the region
of the tMAC scale is squeezed out for D = 6 for the ref-
erence value of κcritD in Ref. [14], while it does exist for
D = 8, ΛtM = (3.5–3.6)R
−1. We were not able to draw
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FIG. 10: RGE flows for the top Yukawa coupling y. We also
show the quasi IR fixed point yqIR and the PR fixed point
yPR at µ = R
−1. The graphs from top to bottom represent
running of y for D = 6, 8, 10, respectively. R−1 = 10 TeV
was assumed. We used the full one-loop RGE (54). The UV-
BCs are y(Λ) →∞ (solid lines) and y(Λ) = √2 (dashed and
dash-dotted lines) for two typical values of Λ.
a reliable conclusion for D = 10, since the MAC anal-
ysis for D = 10 strongly depends on the regularization
scheme.
For D = 8, we predicted the top mass mt and the
Higgs mass mH :
mt = 172− 175 GeV (69)
and
mH = 176− 188 GeV, (70)
by using RGEs for the top Yukawa and Higgs quartic
couplings with the compositeness conditions at the tMAC
scale ΛtM. Our predictions are governed by the quasi IR-
FP and hence are stable against varying the composite
scale. The predicted values would not be changed so
much, even if the region of the tMAC scale got wider
than our estimate for some reason.
Why is the value of Eq. (69) significantly smaller
than that of the original TMSM in four dimensions
which predicted mt>∼ 200 GeV? The value of the top
Yukawa coupling at the quasi IR-FP is y ≃ g3 ·√
CF (6 + δ)/(2δ/2Nc + 3/2). Thanks to the suppression
factor 2−δ/2 in y, the mass of the top quark decreases as
the number of dimensions increases.
The predicted Higgs mass Eq. (70) is substantially
larger than that of typical supersymmetric models, while
it is distinctively small as a dynamical EWSB scenario.
We are thus able to distinguish the present model from
typical supersymmetric or dynamical EWSB scenarios
simply through the Higgs mass observation. We also note
that the Higgs boson in this mass range will be imme-
diately discovered in H → WW (∗)/ZZ(∗) once the LHC
starts. The upper limit of mH from radiative corrections
in the SM is mH < 199 GeV at 95% CL [24] and the
predicted value Eq. (70) is below this upper limit, how-
ever. It is thus difficult to discriminate the Higgs in the
present model from that of the SM only from its mass.
We definitely need experimental information other than
mH in order to establish the present model.
Many issues remain to be explored:
1) Our results on the tMAC scale are sensitive to the
value of κcritD . Although we used the reference value of
κcritD in the approach of the ladder SD equation neglect-
ing the effect of the compactification, it would be more
preferable if we can determine κcritD more reliably. For
such a purpose, we should take into account effects of
the compactification scale R−1 which turned out not so
small compared with the tMAC scale ΛtM in our analy-
sis. We also need running of bulk gauge couplings beyond
one-loop perturbation.
2) We incorporated only one composite Higgs doublet
into RGEs, assuming other possible bound states such
as vector/axial-vector bosons are irrelevant. In order
to justify the assumption, we need to solve bound state
problems in the bulk gauge theories. Once such a com-
posite scalar exists, it should be a tightly bound state
formed by strong short distance dynamics with large
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anomalous dimension. Such a system is expected to re-
semble the gauged Nambu-Jona-Lasinio (GNJL) model
where the compositeness condition is explicitly formu-
lated. Actually, as it happened in the 4-dimensional
case [32, 33, 34], the pure gauge dynamics strong at short
distance in our case can also induce strong four-fermion
interactions which may become relevant operators due to
large anomalous dimensions, γm ∼ D/2− 1 [14]. We will
report elsewhere the phase structure of the bulk GNJL
model [35].
3) There are potential constraints on our model from
precision electroweak measurements. The summation
of KK modes below the cutoff Λ contributes to ∆ρ as
∆ρ ∼ (ΛR)D−6(MWR)2 [36]. In our case with Λ = ΛtM,
(ΛtMR)
D−6 ∼ 10 for D = 8, we thus need to take
R−1>∼O(10 TeV), which may be subtle about the fine
tuning. More involved estimate will be done elsewhere.
4) Masses of other quarks and leptons have not been
dealt with in this paper. In the original TMSM, these
masses are descended from the top condensate through
ad hoc flavor-breaking four-fermion interactions [1]. The
origin of such four-fermion interactions will be highly
hoped for in the present scenario.
5) Our scenario crucially relies on the short distance
strong dynamics around the composite scale. We thus
need a better-controlled theory in the UV-region. It
would be interesting to study a deconstructed/latticized
version [37] of our model.
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APPENDIX A: COUNTING OF NKK
The torus compactification of extra dimensions leaves
vector-like zero-modes in the 4-dimensional space-time,
even if we start with a chiral gauge theory in the bulk.
We thus need to compactify the extra dimensions to an
orbifold in order to obtain the conventional SM parti-
cles as zero modes. An example of such a compactifica-
tion was explicitly constructed in Ref.[14] based on the
T δ/Z
δ/2
2 orbifold for D = 4 + δ (δ = even) dimensions.
In this Appendix, we discuss the massive KK spectrum
in the orbifold compactification of Ref.[14].
1. D = 4 + 2
Let us start with the 6-dimensional case (D = 4 + δ,
δ = 2). The 6-dimensional space-time is decomposed into
conventional and extra dimensions,
xM = (xµ, ym) (A1)
with M = 0, 1, 2, 3, 5, 6, µ = 0, 1, 2, 3 and m = 5, 6. We
assume the compactification radius R and the fields at
(xµ, y5 + 2πR, y6) and (xµ, y5, y6 + 2πR) are identified
with the field at (xµ, y5, y6). We thus impose the periodic
boundary conditions,
AM (x, y5, y6) = AM (x, y5 + 2πR, y6)
= AM (x, y5, y6 + 2πR), (A2a)
for a gauge field and
ψ(x, y5, y6) = ψ(x, y5 + 2πR, y6)
= ψ(x, y5, y6 + 2πR) (A2b)
for a fermion. The Z2 identification of the orbifold T
2/Z2
leads to the orbifold boundary conditions (BCs),
Aµ(x, y) = Aµ(x,−y) for µ = 0, 1, 2, 3, (A3a)
Am(x, y) = −Am(x,−y) for m = 5, 6, (A3b)
ψ(x, y) = ΓA,5ΓA,7ψ(x,−y). (A3c)
Here ΓA,5 and ΓA,7 are chirality matrices in four- and
six-dimensions, respectively7,
ΓA,5 ≡ iΓ0Γ1Γ2Γ3, ΓA,7 ≡ −Γ0Γ1Γ2Γ3Γ5Γ6. (A4)
It is easy to show that the gauge-vector field Aµ is
decomposed into its KK-modes,
Aµ(x, y) = Aµ,00(x)
+
∑
n1>0
A
[n1]
µ,c0 cos
(
n1y
5
R
)
+
∑
n1>0
A
[n1]
µ,0c cos
(
n1y
6
R
)
+
∑
n1,n2>0
A[n1,n2]µ,cc cos
(
n1y
5
R
)
cos
(
n2y
6
R
)
+
∑
n1,n2>0
A[n1,n2]µ,ss sin
(
n1y
5
R
)
sin
(
n2y
6
R
)
, (A5)
with n1, n2 being positive integers, where we omitted
the arguments for the KK-modes at xµ, except for the
zero mode Aµ,00. We note that the orbifold condition
Eq.(A3a) leads to
A
[n1]
µ,0s = A
[n1]
µ,s0 = A
[n1,n2]
µ,cs = A
[n1,n2]
µ,sc = 0 (A6)
in the KK-spectrum. In order to investigate the KK-
spectrum, we define sets of the KK-fields,
Aδ=2,[n1]µ ≡ {A[n1]µ,c0(x), A[n1]µ,0c(x)}, (A7a)
Aδ=2,[n1,n2]µ ≡ {A[n1,n2]µ,cc (x), A[n1,n2]µ,ss (x)}. (A7b)
7 For a convenience, we take the opposite sign for ΓA,7 to that in
Ref. [14].
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The masses of these KK-states are given by m2n1 =
n21R
−2 for a state contained in A2,[n1]µ and m2~n = (n21 +
n22)R
−2 for A2,[n1,n2]µ . Using the number of elements of
these sets,
N δ=2,[n1]g = N δ=2,[n1,n2]g = 2, (A8)
the number of KK-modes of gauge bosons Aµ with m
2
~n ≤
µ2 is written as
NgKK(µ; δ = 2) =
N δ=2,[n1]g ·N1(µ) +N δ=2,[n1,n2]g ·N2(µ) (A9)
for D = 4 + 2 dimensions, where N1(µ) and N2(µ) are
given by
N1(µ) ≡
n2
1
≤µ2R2∑
n1>0
1, N2(µ) ≡
n2
1
+n2
2
≤µ2R2∑
n1,n2>0
1, (A10)
respectively.
It is straightforward to perform similar analysis for the
gauge scalar Am. Since the zero-mode of Am is projected
out from the KK-spectrum due to the orbifold BC (A3b),
the KK decomposition of Am is given by
Am(x, y) =∑
n1>0
A
[n1]
m,s0 sin
(
n1y
5
R
)
+
∑
n1>0
A
[n1]
m,0s sin
(
n1y
6
R
)
+
∑
n1,n2>0
A[n1,n2]m,cs cos
(
n1y
5
R
)
sin
(
n2y
6
R
)
+
∑
n1,n2>0
A[n1,n2]m,sc sin
(
n1y
5
R
)
cos
(
n2y
6
R
)
.(A11)
Sets of the KK-fields are defined as
Aδ=2,[n1]m ≡ {A[n1]m,s0(x), A[n1]m,0s(x)}, (A12a)
Aδ=2,[n1,n2]m ≡ {A[n1,n2]m,cs (x), A[n1,n2]m,sc (x)} (A12b)
in a similar manner to Eqs.(A7), where the number of
elements are given by
N δ=2,[n1]gs = N δ=2,[n1,n2]gs = 2. (A13)
We can now easily count the number of KK-modes of the
gauge scalars Am,
NgsKK(µ; δ = 2) =
N δ=2,[n1]gs ·N1(µ) +N δ=2,[n1,n2]gs ·N2(µ). (A14)
We next consider the KK spectrum of the bulk chiral
fermion ψ+(x, y),
ΓA,7ψ+(x, y) = +ψ+(x, y), (A15)
in D = 4 + 2 dimensions, which has obviously 4-
components. The orbifold BC (A3c) reads
ψ+(x, y) = +ΓA,5ψ+(x,−y). (A16)
The KK expansion of ψ+ is thus given by
ψ+(x, y) = ψ+,00(x)
+
∑
n1>0
ψ
[n1]
+,c0(x) cos
(
n1y
5
R
)
+
∑
n1>0
ψ
[n1]
+,0c(x) cos
(
n1y
6
R
)
+
∑
n1,n2>0
ψ
[n1,n2]
+,cc (x) cos
(
n1y
5
R
)
cos
(
n2y
6
R
)
+
∑
n1,n2>0
ψ
[n1,n2]
+,ss (x) sin
(
n1y
5
R
)
sin
(
n2y
6
R
)
+
∑
n1>0
ψ
[n1]
+,s0(x) sin
(
n1y
5
R
)
+
∑
n1>0
ψ
[n1]
+,0s(x) sin
(
n1y
6
R
)
+
∑
n1,n2>0
ψ
[n1,n2]
+,cs (x) cos
(
n1y
5
R
)
sin
(
n2y
6
R
)
+
∑
n1,n2>0
ψ
[n1,n2]
+,sc (x) sin
(
n1y
5
R
)
cos
(
n2y
6
R
)
(A17)
with 2-component fermions. In particular, we find that
the zero-mode is right-handed under the 4-dimensional
chiral rotation, thanks to Eq.(A3c),
ΓA,5ψ+,00(x) = +ψ+,00(x). (A18)
Other KK modes include both of right, and left-handed
fermions. We thus define sets of KK-fields,
ψ
δ=2,[n1]
+,R ≡ {ψ[n1]+,c0(x), ψ[n1]+,0c(x)}, (A19a)
ψ
δ=2,[n1,n2]
+,R ≡ {ψ[n1,n2]+,cc (x), ψ[n1,n2]+,ss (x)}, (A19b)
ψ
δ=2,[n1]
+,L ≡ {ψ[n1]+,s0(x), ψ[n1]+,0s(x)}, (A19c)
ψ
δ=2,[n1,n2]
+,L ≡ {ψ[n1,n2]+,cs (x), ψ[n1,n2]+,sc (x)}. (A19d)
The KK fields in ψ
2,[n1]
+,R and ψ
2,[n1,n2]
+,R (ψ
2,[n1]
+,L and
ψ
2,[n1,n2]
+,L ) are right-handed (left-handed). These KK-
modes acquire their Dirac masses among ψ
2,[n1]
+,R and
ψ
2,[n1]
+,L (ψ
2,[n1,n2]
+,R and ψ
2,[n1,n2]
+,L ) in four dimensions. The
number of these KK Dirac fermions is therefore given by
NfKK(µ; δ = 2) =
N δ=2,[n1]f ·N1(µ) +N δ=2,[n1,n2]f ·N2(µ) (A20)
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with
N δ=2,[n1]f ≡ #ψ2,[n1]+,R
= #ψ
2,[n1]
+,L = 2, (A21a)
N δ=2,[n1,n2]f ≡ #ψ2,[n1,n2]+,R
= #ψ
2,[n1,n2]
+,L = 2. (A21b)
We note
NgKK(µ; δ = 2) = N
gs
KK(µ; δ = 2) = N
f
KK(µ; δ = 2)
(A22)
for D = 4 + 2 dimensions.
It is straightforward to apply the above procedure to
the bulk chiral fermion ψ−(x, y),
ΓA,7ψ−(x, y) = −ψ−(x, y). (A23)
We easily find that the zero mode of ψ−(x, y) is left-
handed. We thus identify the right[left]-handed fermions
in the SM to ψ+(x, y) [ψ−(x, y)]. The number of the KK
Dirac fermions for ψ− is equal to Eq. (A20).
For the (composite) Higgs field, we take the same Z2
identification as Eq. (A3a). This always leads to
NhKK(µ; δ) = N
g
KK(µ; δ) (A24)
for the number of KK modes of the Higgs field. Here-
after, we abbreviate δ in the arguments of N iKK(µ; δ),
(i = g, gs, f, h), when the number of δ is obvious.
2. D = 4 + 4
Let us next turn to the 8-dimensional case (D = 4+ δ,
δ = 4),
xM = (xµ, ym, zm
′
), m = 5, 6, m′ = 7, 8. (A25)
We impose the orbifold BCs:
Aµ(x, y, z) = Aµ(x,−y, z)
= Aµ(x, y,−z), (A26a)
Am(x, y, z) = −Am(x,−y, z)
= Am(x, y,−z), (A26b)
Am
′
(x, y, z) = Am
′
(x,−y, z)
= −Am′(x, y,−z), (A26c)
and
ψ(x, y, z) = ΓA,7′ΓA,9ψ(x,−y, z)
= ΓA,7ΓA,9ψ(x, y,−z), (A26d)
with
ΓA,7′ = −Γ0Γ1Γ2Γ3Γ7Γ8
ΓA,9 = −iΓ0Γ1Γ2Γ3Γ5Γ6Γ7Γ8. (A27)
Noting the relations,
ΓA,7′ΓA,9 = ΓA,5ΓA,7, ΓA,7ΓA,9 = ΓA,5ΓA,7′ , (A28)
we can easily see that the zero-mode of the 8-dimensional
bulk chiral fermion ψ+ is chiral under the 4-dimensional
chiral symmetry.
The bulk gauge field is decomposed into its KK-modes
in a similar manner with the D = 4+2 case. We obtain
Aδ=4,[n]1µ =
{A[n]1µ,c000, A[n]1µ,0c00, A[n]1µ,00c0, A[n]1µ,000c}, (A29a)
Aδ=4,[n]2µ =
{A[n]2µ,cc00, A[n]2µ,00cc, A[n]2µ,ss00, A[n]2µ,00ss,
A
[n]2
µ,c0c0, A
[n]2
µ,c00c, A
[n]2
µ,0cc0, A
[n]2
µ,0c0c}, (A29b)
Aδ=4,[n]3µ =
{A[n]3µ,ccc0, A[n]3µ,cc0c, A[n]3µ,c0cc, A[n]3µ,0ccc,
A
[n]3
µ,ssc0, A
[n]3
µ,ss0c, A
[n]3
µ,c0ss, A
[n]3
µ,0css}, (A29c)
Aδ=4,[n]4µ =
{A[n]4µ,cccc, A[n]4µ,ccss, A[n]4µ,sscc, A[n]4µ,ssss}, (A29d)
for the KK-expansion of Aµ. Here [n]i stands for
[n]1 ≡ [n1], [n]2 ≡ [n1, n2], [n]3 ≡ [n1, n2, n3], · · · .
(A30)
We thus find
N δ=4,[n]1g = 4, N δ=4,[n]2g = 8, (A31a)
N δ=4,[n]3g = 8, N δ=4,[n]4g = 4. (A31b)
For Am (m = 5, 6) we obtain
Aδ=4,[n]1m =
{A[n]1m,s000, A[n]1m,0s00}, (A32a)
Aδ=4,[n]2m =
{A[n]2m,sc00, A[n]2m,cs00, A[n]2m,s0c0, A[n]2m,s00c,
A
[n]2
m,0sc0, A
[n]2
µ,0s0c}, (A32b)
Aδ=4,[n]3m =
{A[n]3m,scc0, A[n]3m,sc0c, A[n]3m,csc0, A[n]3m,cs0c,
A
[n]3
m,s0cc, A
[n]3
m,0scc, A
[n]3
m,s0ss, A
[n]3
m,0sss}, (A32c)
Aδ=4,[n]4m =
{A[n]4m,sccc, A[n]4m,cscc, A[n]4m,scss, A[n]4m,csss}. (A32d)
It is straightforward to obtain similar expression for Am′
(m′ = 7, 8). We find
N δ=4,[n]1gs = 2, N δ=4,[n]2gs = 6, (A33a)
N δ=4,[n]3gs = 8, N δ=4,[n]4gs = 4. (A33b)
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The numbers of KK-modes of gauge fields and gauge
scalars are given by
NgKK(µ; δ = 4) =
4∑
k=1
N 4,[n]kg ·Nk(µ), (A34a)
NgsKK(µ; δ = 4) =
4∑
k=1
N 4,[n]kgs ·Nk(µ), (A34b)
where Nk(µ)’s are defined in Eq.(A10) for k = 1, 2 and
N3(µ) ≡
n2
1
+n2
2
+n2
3
≤µ2R2∑
n1,n2,n3>0
1,
N4(µ) ≡
n2
1
+n2
2
+n2
3
+n2
4
≤µ2R2∑
n1,n2,n3,n4>0
1 (A35)
for k = 3, 4.
For a bulk chiral fermion ψ+ in D = 4 + δ (δ = 4)
dimensions, we find
N δ=4,[n]1f ≡ #ψ4,[n]1+,R
= #ψ
4,[n]1
+,L = 4, (A36a)
N δ=4,[n]2f ≡ #ψ4,[n]2+,R
= #ψ
4,[n]2
+,L = 12, (A36b)
N δ=4,[n]3f ≡ #ψ4,[n]3+,R
= #ψ
4,[n]3
+,L = 16, (A36c)
N δ=4,[n]4f ≡ #ψ4,[n]4+,R
= #ψ
4,[n]4
+,L = 8. (A36d)
The number of 4-component Dirac KK-modes is then
given by
NfKK(µ; δ = 4) =
4∑
k=1
N δ=4,[n]kf ·Nk(µ). (A37)
Here, we note
NgKK(µ; δ = 4) 6= NgsKK(µ; δ = 4), (A38)
and
NgKK(µ; δ = 4) 6=
1
2
NfKK(µ; δ = 4), (A39)
in our orbifold compactification, because of
N δ=4,[n]2g 6= N δ=4,[n]2gs , N δ=4,[n]2g 6=
1
2
N δ=4,[n]2f .
(A40)
The differences between them impact on the running of
gˆ3(µ) around µR ∼ O(1). The bulk QCD coupling in
Eq. (11) grows slowly, comparing with that in the ap-
proximation (16). As a result, the region of the tMAC
N δ=2,[n]1i N δ=2,[n]2i
i = g 2 2
i = gs 2 2
i = f 2 2
i = h 2 2
TABLE I: N δ,[n]ki for δ = 2 (D = 6). The column shows
N δ,[n]ki for i = g (gauge bosons), i = gs (gauge scalars), i = f
(Dirac fermions), and i = h (Higgs).
N δ=4,[n]1i N δ=4,[n]2i N δ=4,[n]3i N δ=4,[n]4i
i = g 4 8 8 4
i = gs 2 6 8 4
i = f 4 12 16 8
i = h 4 8 8 4
TABLE II: N δ,[n]ki for δ = 4 (D = 8). The column shows
N δ,[n]ki for i = g (gauge bosons), i = gs (gauge scalars), i = f
(Dirac fermions), and i = h (Higgs).
scale is slightly suppressed, if the identical value for gˆ3
at the compactification scale R−1 is used in both RGEs.
(See Fig. 5(a) and Fig. 2 in Ref. [20].) We also comment
on the relation
NgsKK(µ; δ = 4) =
1
2
NfKK(µ; δ = 4) (A41)
in our orbifold compactification.
3. D = 4 + 6
It is now trivial task to extend the analysis toD = 4+δ
(δ = 6) dimensions. The number of the KK-modes for
δ = 6 is given by
N iKK(µ; δ = 6) =
6∑
k=1
N δ=6,[n]ki ·Nk(µ) (A42)
for i = g, gs, f, h.
We summarize the number of elements among sets of
KK-fields in Tables I, II and III for δ = 2, 4, 6, respec-
tively.
APPENDIX B: GAUGE COUPLINGS IN EXTRA
DIMENSIONS
1. Vacuum polarization function
We may take yet another choice for evaluating the vac-
uum polarization function, instead of the truncated KK
effective theory [12]. In this Appendix, we consider the
proper-time (PT) scheme as well as the MS-scheme in
the truncated KK effective theory.
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N δ=6,[n]1i N δ=6,[n]2i N δ=6,[n]3i N δ=6,[n]4i N δ=6,[n]5i N δ=6,[n]6i
i = g 6 18 32 36 24 8
i = gs 2 10 24 32 24 8
i = f 6 30 80 120 96 32
i = h 6 18 32 36 24 8
TABLE III: N δ,[n]ki for δ = 6 (D = 10). The column shows N δ,[n]ki for i = g (gauge bosons), i = gs (gauge scalars), i = f
(Dirac fermions), and i = h (Higgs).
The effective charge is defined by
1
g2eff(−q2)
≡ 1
g20
−Π(−q2), (B1)
where g0 is the bare coupling and Π denotes the vacuum
polarization function,
Πµν(−q2) ≡ (gµνq2 − qµqν)Π(−q2). (B2)
The effective charge is closely related to physical quanti-
ties such as scattering amplitudes. Through the effective
coupling, we determine the relation of gauge couplings
calculated in the two regularization schemes.
We consider bulk gauge theories with bulk fermions and bulk scalars. In four dimensions, it is straightforward to
calculate the contributions of fermions and scalars:
Πf (−q2;m2) = nf · 8TR
3
· 1
q2
∫ 1
0
dx
∫
d4ℓ
i(2π)4
ℓ2 − x(1 − x)q2 − 2m2
(ℓ2 + x(1− x)q2 −m2)2 , (B3)
for nf pieces of Dirac fermions of the fundamental representation, and
Πh(−q2;m2) = nh · 2TR
3
· 1
q2
∫ 1
0
dx
∫
d4ℓ
i(2π)4
−2ℓ2 − x(2x+ 1)q2 + 4m2
(ℓ2 + x(1− x)q2 −m2)2 , (B4)
for nh pieces of complex scalars of the fundamental representation, respectively, where tr(T
aT b) = TRδ
ab and m is
the mass of fermions and scalars. For bulk fields, we perform to sum over their KK modes. On the other hand,
it is slightly complicated to compute the loop correction of massive gauge bosons within the 4-dimensional theory.
Instead higgsing gauge theory in four dimensions, we directly calculate the loop correction in extra dimensions. In
order to keep the gauge invariance, we use the background field method with the Feynman gauge. Taking effects of
compactification into account, we replace the loop integral in D dimensions to
g2D
∫
dDℓD
i(2π)D
→ g2
∑
~n
∫
d4ℓ
i(2π)4
, (B5)
with the D-dimensional (dimensionful) coupling gD and the 4-dimensional one g. We here decomposed the loop
momentum ℓD to the 4-dimensional one ℓ and the discrete one ~n/R in extra δ dimensions,
ℓD = (ℓ, ~n/R), i.e., ℓ
2
D = ℓ
2 +m2~n, (B6)
where masses of KK modes m~n are given by
m2~n = |~n|2/R2, ~n ≡ (n1, n2, · · · , nδ). (B7)
Of course, the external momentum qD does not have the extra momentum, qD = (q, 0). We thus obtain contributions
of gauge bosons and gauge scalars as
Πg(−q2;m2) = CA
∫ 1
0
dx
∫
d4ℓ
i(2π)4
[
4
(ℓ2 + x(1 − x)q2 −m2)2
−2
3
· 1−q2 ·
−2ℓ2 − x(2x+ 1)q2 + 4m2
(ℓ2 + x(1 − x)q2 −m2)2
]
, (B8)
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and
Πgs(−q2;m2) = δ
3
· CA · 1
q2
∫ 1
0
dx
∫
d4ℓ
i(2π)4
−2ℓ2 − x(2x+ 1)q2 + 4m2
(ℓ2 + x(1− x)q2 −m2)2 , (B9)
respectively. We separate the vacuum polarization function to the contributions of zero modes Π0, which corresponds
to the SM corrections, and KK modes ΠKK:
Π(−q2) = Π0(−q2) +
∑
|~n|2>0
ΠKK(−q2;m2~n) (B10)
with
Π0(−q2) ≡ Πg(−q2; 0) + Πf (−q2; 0) + Πh(−q2; 0) (B11)
and
ΠKK(−q2;m2) ≡ Πg(−q2;m2) + Πgs(−q2;m2) + Πf (−q2;m2) + Πh(−q2;m2). (B12)
2. MS-coupling in the truncated KK effective theory
We briefly review the results in Refs. [14, 38]. In the truncated KK effective theory, we calculate the vacuum
polarization function by using the dimensional regularization (taking the loop integral to
∫
d4−2ǫℓ instead of
∫
d4ℓ):
(4π)2ΠMSg (−q2;m2) = CA
[
4Ig(−q2;m2)− Is(−q2;m2)
]
, (B13)
(4π)2ΠMSgs (−q2;m2) = −
δ
2
CA Is(−q2;m2), (B14)
(4π)2ΠMSf (−q2;m2) = −8TR nf If (−q2;m2), (B15)
(4π)2ΠMSh (−q2;m2) = −TR nh Is(−q2;m2), (B16)
where we defined
Ig(−q2;m2) ≡ Γ(ǫ)
(4π)−ǫ
∫ 1
0
dx
[
m2 − x(1 − x)q2 ]−ǫ , (B17)
Is(−q2;m2) ≡ Γ(ǫ)
(4π)−ǫ
∫ 1
0
dx (2x− 1)2 [m2 − x(1 − x)q2 ]−ǫ , (B18)
If (−q2;m2) ≡ Γ(ǫ)
(4π)−ǫ
∫ 1
0
dxx(1 − x) [m2 − x(1 − x)q2 ]−ǫ . (B19)
We renormalize the bare coupling in the MS-scheme:
1
g2
MS
(µ)
=
1
g20
+
Γ(ǫ)
(4π)2−ǫ
bSMµ−2ǫ +
Γ(ǫ)
(4π)2−ǫ
bKK
MS
µ−2ǫ −
m2~n>µ
2∑
~n
ΠKK(0;m
2
~n), (B20)
with the RGE coefficient of zero mode bSM,
bSM ≡ −11
3
CA +
4TR
3
nSMf +
TR
3
nSMh (B21)
and that of KK modes bKK
MS
,
bKK
MS
(µ) ≡ −11
3
CAN
g
KK(µ) +
δ
6
CAN
gs
KK(µ) +
4TR
3
nf N
f
KK(µ) +
TR
3
nhN
h
KK(µ), (B22)
where N iKK(µ), i = g, gs, f, h denote the total number of KK modes for gauge bosons, gauge scalars, fermions, and
scalars (composite Higgs fields) below µ, respectively. We then find the effective coupling in the truncated effective
theory based on the MS-scheme,
1
g2eff(−q2)
=
1
g2
MS
(µ)
− b
SM
(4π)2
ln
−q2
µ2
− 1
(4π)2
m2~n≤µ
2∑
|~n|2>0
b′ ln
m2~n
µ2
−
∑
|~n|2>0
Π
MS
KK(−q2;m2~n) +
cMS0
(4π)2
(B23)
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with
b′ = −11
3
CA +
δ
6
CA +
4TR
3
nf +
TR
3
nh,
m2~n≤µ
2∑
|~n|2>0
b′ = bKK
MS
(µ), (B24)
where we defined
(4π)2Π
MS
KK(−q2;m2) ≡ −CA
[
4IRg (−q2;m2)− IRs (−q2;m2)
]
+
δ
2
CA I
R
s (−q2;m2)
+8TR nf I
R
f (−q2;m2) + TR nh IRs (−q2;m2), (B25)
IRg (−q2;m2) ≡
∫ 1
0
dx ln
(
1− x(1 − x) q
2
m2
)
, (B26)
IRs (−q2;m2) ≡
∫ 1
0
dx (2x− 1)2 ln
(
1− x(1− x) q
2
m2
)
, (B27)
IRf (−q2;m2) ≡
∫ 1
0
dxx(1 − x) ln
(
1− x(1 − x) q
2
m2
)
, (B28)
and obtained the constant term
cMS0 = −
67
9
CA +
20TR
9
nSMf +
8TR
9
nSMh . (B29)
We identify the mass of the heaviest KK state to the cutoff Λ. In the limit of |q2| ≪ R−2 ≪ Λ2, we easily find
m2~n≤Λ
2∑
|~n|2>0
Π
MS
KK(−q2;m2~n) =
c1
(4π)2
(−q2R2) (ΛR)
δ−2
δ − 2
2πδ/2
2δ/2Γ(δ/2)
+O(|q2|2) (B30)
with
c1 ≡ −19
30
CA +
δ
60
CA +
4TR
15
nf 2
δ/2−1 +
TR
30
nh, (B31)
where (ΛR)δ−2/(δ − 2) is replaced by lnΛR for δ = 2. Since we cannot take so large value to the cutoff Λ due to the
Landau pole for U(1)Y , the effects of the finite parts (B30) summing over KK modes are negligible in a certain low
energy scale, comparing with the finite term arising from zero modes, cMS0 ∼ O(10). Numerically, we find the finite
sums for QCD at O(|q2|),
(4π)2
∑
|~n|2>0
Π
MS
KK(−q2 =M2Z ;m2~n) = −0.103, −0.656, −0.786 (B32)
for D = 6, 8, 10, respectively, where we took R−1 = 1 TeV, MZ = 91.2 GeV, ΛR = 13, 3.7, 2.6 for D = 6, 8, 10,
respectively. Of course, the effects of Eq. (B30) get smaller for larger values of R−1.
At the zero momentum, the effects of finite terms via KK modes come to be completely negligible thanks to
Eq. (B30). We thus identify g2
MS
(µ =MZ) to the SM value. We also find the β-function,
(4π)2
∂gMS
∂ lnµ
= (bSM + bKK
MS
(µ))g3
MS
. (B33)
3. Proper-time regularization
We calculate the vacuum polarization function in the PT-scheme. Using the trick with the PT-parameter t,
1
A2
=
∫ ∞
0
dt te−At, (B34)
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and performing the momentum integral,∫ ∞
0
d4ℓE
(2π)4
exp(−tℓ2E) =
1
(4π)2
1
t2
,
∫ ∞
0
d4ℓE
(2π)4
ℓ2E · exp(−tℓ2E) =
2
(4π)2
1
t3
, (B35)
we can rewrite vacuum polarization functions in Eqs. (B3), (B4), (B8), and (B9) as follows:
(4π)2ΠPTg (q
2
E ;m
2) = CA
[
4Jg(q
2
E ;m
2)− Js(q2E ;m2)
]
, (B36)
(4π)2ΠPTgs (q
2
E ;m
2) = − δ
2
CA Js(−q2;m2), (B37)
(4π)2ΠPTf (q
2
E ;m
2) = −8TR nf Jf (q2E ;m2), (B38)
(4π)2ΠPTh (q
2
E ;m
2) = −TR nh Js(q2E ;m2), (B39)
with
Jg(q
2
E ;m
2) =
∫ 1
0
dx
∫ ∞
0
dt
t
exp[−t(x(1 − x)q2E +m2)], (B40)
Js(q
2
E ;m
2) =
∫ 1
0
dx
∫ ∞
0
dt
t
(2x− 1)2 exp[−t(x(1 − x)q2E +m2)], (B41)
Jf (q
2
E ;m
2) =
∫ 1
0
dx
∫ ∞
0
dt
t
x(1 − x) exp[−t(x(1 − x)q2E +m2)], (B42)
where the suffix E denotes the Euclidean momentum. Since the PT-integral diverges near t ∼ 0, we regularize the
integral with the cutoff Λ: ∫ ∞
0
dt
t
→
∫ ∞
rΛ−2
dt
t
. (B43)
We first calculate Π0. Performing the Feynman parameter integration, we obtain
Jg(q
2
E ; 0) =
∫ ∞
rq2
E
4Λ2
dt
t
1F1(1, 3/2;−t), (B44)
Js(q
2
E ; 0) =
1
3
∫ ∞
rq2
E
4Λ2
dt
t
1F1(1, 5/2;−t), (B45)
Jf (q
2
E ; 0) =
1
12
∫ ∞
rq2
E
4Λ2
dt
t
[ 31F1(1, 3/2;−t)− 1F1(1, 5/2;−t) ] , (B46)
where we used the confluent hypergeometric function 1F1(a, c; z) and the relation between the confluent hypergeo-
metric function and the error function,
Erfi(x) ≡
∫ x
0
eu
2
du = x · 1F1(1/2, 3/2;x2). (B47)
Here, we note the Kummer’s transformation,
1F1(a, c; z) = e
z
1F1(c− a, c;−z), c 6= negative integer, (B48)
and the recurrence formula,
1
t
[ 1F1(1, c;−t)− 1 ] = −1
c
1F1(1, c+ 1;−t). (B49)
Since the behaviors of 1F1(a, c; z) around z ∼ 0 and z → −∞ are given by
1F1(a, c; z) = 1 +
a
c
z +O(z2), (z ∼ 0), (B50)
and
1F1(a, c; z) =
Γ(c)
Γ(c− a) (−z)
−a +O(z−a−1), (z → −∞), (B51)
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respectively, we separate the PT-integration to the singular part and finite ones:∫ ∞
rq2
E
4Λ2
dt
t
1F1(1, c;−t) =
∫ 1
rq2
E
4Λ2
dt
t
+
∫ 1
0
dt
t
[ 1F1(1, c;−t)− 1 ]
−
∫ rq2E
4Λ2
0
dt
t
[ 1F1(1, c;−t)− 1 ] +
∫ ∞
1
dt
t
1F1(1, c;−t), (B52)
= − ln rq
2
E
4Λ2
+
1
c
∫ rq2E
4Λ2
0
dt 1F1(1, 1 + c;−t)
−1
c
∫ 1
0
dt 1F1(1, 1 + c;−t) +
∫ ∞
1
dt
t
1F1(1, c;−t). (B53)
Noting the integration of the confluent hypergeometric function,∫ z
0
dt1F1(1, 1 + c;−t) = z · 2F2(1, 1; 2, 1 + c;−z) = z − z
2
2(1 + c)
+ · · · , (B54)
we find
Jg(q
2
E ; 0) = − ln
rq2E
4Λ2
+ cg +
2
3
rq2E
4Λ2
+O((q2E)2), (B55)
Js(q
2
E ; 0) = −
1
3
ln
rq2E
4Λ2
+ cs +
2
15
rq2E
4Λ2
+O((q2E)2), (B56)
Jf (q
2
E ; 0) = −
1
6
ln
rq2E
4Λ2
+ cf +
2
15
rq2E
4Λ2
+O((q2E)2), (B57)
with
cg ≡ −2
3
∫ 1
0
dt1F1(1, 5/2;−t) +
∫ ∞
1
dt
t
1F1(1, 3/2;−t) ≃ 0.0365, (B58)
cs ≡ − 2
15
∫ 1
0
dt1F1(1, 7/2;−t) + 1
3
∫ ∞
1
dt
t
1F1(1, 5/2;−t) ≃ 0.234, (B59)
cf ≡ −1
6
∫ 1
0
dt1F1(1, 5/2;−t) + 1
30
∫ 1
0
dt1F1(1, 7/2;−t)
+
1
4
∫ ∞
1
dt
t
1F1(1, 3/2;−t)− 1
12
∫ ∞
1
dt
t
1F1(1, 5/2;−t) ≃ −0.0501. (B60)
We can read ΠPT0 from the above results:
ΠPT0 (q
2
E) ≡ ΠPTg (q2E ; 0) + ΠPTf (q2E ; 0) + ΠPTh (q2E ; 0), (B61)
=
bSM
(4π)2
ln
rq2E
4Λ2
− c
PT
0
(4π)2
+O
(
q2E
Λ2
)
(B62)
with
cPT0 = −CA (4cg − cs) + 8TR nSMf cf + TR nSMh cs. (B63)
Here, we note cPT0 ≪ cMS0 thanks to cg, cs, cf ≪ 1.
Now, we study the contributions of the KK modes. We can perform the summation over all KK states by using
the Jacobi ϑ3 function,
ϑ3(τ) ≡
∞∑
n=−∞
exp(iπτn2), (B64)
which has the remarkable property,
ϑ3(iτ) =
1√
τ
ϑ3(i/τ), i.e., ϑ3(iτ)→ 1√
τ
(τ → 0+). (B65)
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We then obtain the summation of the vacuum polarization via KK modes:∑
|~n|2>0
ΠPTKK(q
2
E ,m
2
~n) =
CA
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
[
4− (2x− 1)2 ] exp[−tx(1− x)q2E ]Kg(t)
− δ
2
· CA
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
(2x− 1)2 exp[−tx(1− x)q2E ]Kgs(t)
−8TR · nf
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
x(1 − x) exp[−tx(1− x)q2E ]Kf(t)
−TR · nh
(4π)2
∫ 1
0
dx
∫ ∞
rΛ−2
dt
t
(2x− 1)2 exp[−tx(1 − x)q2E ]Kh(t), (B66)
where we defined
Ki(t) ≡ N δ,[n]1i
[
1
2
(ϑ3 − 1)
]
+N δ,[n]2i
[
1
2
(ϑ3 − 1)
]2
+N δ,[n]3i
[
1
2
(ϑ3 − 1)
]3
+ · · · (B67)
with i = g, gs, f, h and ϑ3 = ϑ3(it/(πR
2)). The values of N δ,[n]ki are given in Table I–III. Combining with Eq. (B62),
we obtain the effective coupling as
1
g2eff(q
2
E)
=
1
g20
− b
SM
(4π)2
ln
q2E
Λ2
−
∑
|~n|2>0
ΠPTKK(q
2
E = 0;m
2
~n)
−
∑
|~n|2>0
Π
PT
KK(q
2
E ;m
2
~n) +
cPT0
(4π)2
− b
SM
(4π)2
ln
r
4
(B68)
with
Π
PT
KK(q
2
E ;m
2
~n) ≡ ΠPTKK(q2E ;m2~n)−ΠPTKK(q2E = 0;m2~n), (B69)
where we neglected the corrections of the order of O(q2E/Λ2). In the limit of (q2ER2)(ΛR)δ−2 ≪ 1, we find
∑
|~n|2>0
Π
PT
KK(q
2
E ;m
2
~n) =
c1
(4π)2
(q2ER
2)
(ΛR)δ−2
δ − 2 · 2r ·
( π
2r
)δ/2
+O(q4E), (B70)
where (ΛR)δ−2/(δ − 2) is replaced by lnΛR for δ = 2.
We regard the bare coupling g0 as a quantity defined at the cutoff Λ:
g0 → gPT(Λ). (B71)
Since the effective coupling geff(q
2
E) should not depend on the cutoff Λ at the zero momentum q
2
E → 0, we can deduce
the “β-function” for gPT(Λ):
(4π)2
∂gPT
∂ ln Λ
= (bSM + bKKPT (Λ))g
3
PT (B72)
with the “RGE coefficient” bKKPT ,
bKKPT (Λ) ≡ −
11
3
CAKg(rΛ
−2) +
δ
6
CAKgs(rΛ
−2) +
4TR
3
nf Kf (rΛ
−2) +
TR
3
nhKh(rΛ
−2). (B73)
Matching the RGE for the MS-coupling with µ = Λ in the limit of ΛR≫ 1, we easily find [12]
r = πX
−2/δ
δ , Xδ =
πδ/2
Γ(1 + δ/2)
. (B74)
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We identify the effective coupling at the zero momentum calculated in the PT-scheme to the SM one with µ = Λ = R−1:
1
g2PT(R
−1)
−
∑
|~n|2>0
ΠPTKK(q
2
E = 0;m
2
~n)|Λ=R−1 +
cPT0
(4π)2
− b
SM
(4π)2
ln
r
4
=
1
g2
MS
(R−1)
+
cMS0
(4π)2
. (B75)
We comment on the coefficients of q2ER
2(ΛR)δ−2 in the vacuum polarization function Eq. (B70). Plugging Eq. (B70)
with r determined as Eq. (B74), we can rewrite Eq. (B70),
∑
|~n|2>0
Π
PT
KK(q
2
E ;m
2
~n) =
c1
(4π)2
(q2ER
2)
(ΛR)δ−2
δ − 2
2πδ/2
2δ/2Γ(δ/2)
2r
δ
+O(q4E). (B76)
Although the coefficients of q2ER
2(ΛR)δ−2 in the MS-
scheme and the PT-scheme are accidentally identical in
δ = 2 (D = 6), they have generally the regulariza-
tion dependence and their difference is the factor 2r/δ
in Eq. (B76).
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